The present paper adopts a Bayesian approach to update some of the parameters of the probability distributions governing the reliability assessment of maintained floating structures. It is based on a time dependent fatigue reliability formulation presented earlier but the description of the time to crack initiation, crack growth law and probability of crack detection are updated using the information from the inspections. Its performance is demonstrated with a simulated example.
Introduction
Combining reliability analysis methods with fatigue life and fracture mechanics models, one can perform structural design based on fatigue reliability assessments. Realistic reliability analysis requires the consideration of the expected deterioration of the structural resistance with time. This may be due to crack initiation and propagation under cyclic loading, to corrosion, or to a combination of these. In service, non-destructive inspections are required at specified intervals to monitor the degradation, and the result can be used for updating maintenance planning and reliability estimates.
The foundations of Bayesian theory can be found for example in ͓1͔, while its application to decision theory is treated by Raiffa and Schaifer ͓2͔; Box and Tia ͓3͔ discuss its application in parameter estimation. The principle of the Bayesian analysis is to consider the parameters of the distribution functions as uncertain variables with prior distribution functions to be updated based on additional data, which defines posterior distribution function.
The Bayesian approach can also be applied for the assessment of distribution parameters accommodating the combination of both subjective and objective information. Guedes Soares ͓4͔ has demonstrated that the Bayesian prediction can also be applied whenever there is no objective data available but engineering judgement can be used as additional information to improve estimates from models.
In the present paper, a Bayesian approach is proposed to update the value of the parameters in the mechanical and statistical models used in reliability assessments. It is demonstrated how this formulation can be used for reliability assessment based maintenance planning.
Several approaches have been developed for using information from non-destructive inspections to update fatigue reliability prediction based on Bayesian analysis as described in ͓5,6͔.
The study presented here of the fatigue reliability of longitudinal members in ship type floating structures is a continuation of the approach formulated by Garbatov and Guedes Soares ͓7͔ considering the overall effect of a random number of cracks occurring during the life of the ship. The random number of cracks is modeled by appropriately choosing the probability density function of the time for crack initiation, which is calibrated to match the probability density function of the number of cracks detected in ships of different age.
This overall approach deals with a random number of cracks and allows a global measure of the strength degradation of the complete midship section due to crack growth. To model the loading on each crack of the side shell, local pressure loads and global bending load are taken into account. The application of reliability based techniques to the design of welded joints subjected to the process of crack growth and repair was presented by Guedes Soares and Garbatov ͓8͔. The approach can be used as a decision tool for different reliability based maintenance policies.
The Bayesian formulation adopted here follows the approach developed by Shinozuka ͓9͔. The statistical distribution of time to crack initiation, crack propagation and crack detection are updated at each time of inspection and used to derive better estimates of reliability and of the number of repaired elements as a function of time.
Time Dependent Crack Growth
To predict crack propagation, the fatigue life Paris-Erdogan equation has been adopted ͓10͔:
where a is the crack size, N is the number of cycles, ⌬K is the stress range intensity factor, C and m are material parameters and ⌬K th is the stress range threshold intensity factor. The stress intensity factor is given by the following equation:
where ⌬ is the stress range and t is time.
In the evaluation of the dynamic stress range levels, both the global (⌬ M ) and local (⌬ p ) dynamic stress components need to be considered. The global stress components include waveinduced vertical and horizontal hull girder bending stresses. The local stress components result from the external sea pressure and the pressure loads from internal cargo. For each loading condition, the local stress components need to be combined with the global stresses.
The long-term distribution of global stress amplitudes may be estimated using the long term frequency of occurrence of different sea states, where each sea state is described with a significant wave height and zero crossing period.
The combined total response in terms of the stress range resulting from the combination of global and the local stress ranges that corresponds to the application of the Turkstra rule which has been adopted in many occasions to prescribe design rules, ͓11͔.
An adequate approximation for the long-term distribution of wave induced loading can be described by the Weibull distribution, which can be fitted to the long-term distribution of individual wave heights obtained from unconditioning the short term response distributions over all the sea states and heading directions, weighted with the relative occurrence rate ͓12͔:
where q and h are scale and shape parameters of the Weibull distribution function. The shape parameter h depends on the shape of the floating platform, the location of the detail, and the wave climate.
If the geometry function Y (a)ϭY is a constant, the integration of Eq. ͑1͒ for m 2 one leads to:
where 0 is the mean upcrossing rate and t is the time, ⌬ m is the m th moment of the stress range. Small cracks or crack like defects can always be found during the fabrication process in welded structures. The period to crack initiation is very short relative to the crack propagation period. However, it should not be neglected in the situation when the welds are improved by post weld methods. Weibull has studied the material strength in fatigue, and he proposed to describe the time to crack initiation by a Weibull distribution ͓13͔:
where ␣ and ␤ are statistical descriptors of the probability density function of the time to crack initiation. The Weibull model has been adopted by several authors with different value of the shape parameter as for example Itagaki and Yamamoto ͓14͔, Yang ͓15͔, and Fujimoto and Swilem ͓16͔.
Reliability of a Cracked Structural Component
The limit state for a cracked element of low carbon mild steel may be defined as:
where a cr is the critical crack size, and a(t) is the crack size which depends of time. The critical crack size is defined here as a percentage of the height of the stiffener or the breadth of the plate element. Transforming Eq. ͑6͒ to a formulation in terms of stress intensity leads to:
where K cr is the allowable stress range intensity factor, which is related with the critical crack size a cr , and is smaller than K IC . The probability that the stress would exceed (t) during the period of the time ͓0,T͔, i.e., the probability of failure, is given by Corotis et al. ͓17͔:
where ͓(t)͔ is the mean upcrossing rate of the threshold limit (t), which can be written as:
and the coefficients included in the above equation are presented below as were given, for example, in ͓7͔:
If the loading is considered as a stationary Gaussian process, or even non-stationary and non Gaussian, and the stress amplitudes follow the Weibull distribution, the upcrossing rate of the threshold may be given as:
where ␣ L and ␥ L are the Weibull parameters ͓18͔. This approximation is correct for a stationary process but the long-term distribution considered here is non-stationary. Therefore, this result is only an approximation.
It has been shown that an exponential distribution is an adequate approximation for the long-term distribution of waveinduced loads ͓12͔. Therefore this distribution was adopted here and making ␣ L ϭ1, the probability of failure after crack initiation is written as:
where 1 ,b 1 are given by Eqs. ͑10͒ and ͑11͒.
Making tϭ0 defines the zero upcrossing rate before cracks have initiated and the probability of failure before crack initiation is given:
Since the time to crack initiation is a random variable the conditional reliability of the element with a crack may be expressed as follows ͓7͔:
where R(t͉t i ) is the reliability under the condition that the crack has initiated at time t and f t i (t) is the probability density function of the time to crack initiation. Inspections are routinely made for structures in service and they may result in the detection or non-detection of the cracks. The size of a detected crack is measured by a non-destructive method. For welded structures, cracks are generally assumed to be present after fabrication. Fatigue damage is expressed with a fatigue crack size that increases with time.
A purpose of periodic inspections is to detect the fatigue cracks. It is assumed that if a fatigue crack is detected, it is repaired to its original condition (a 0 ), which increases the reliability of the structure. However the formulation could be easily extended to account for imperfect repairs.
It is also possible that the inspection provides a false result by indicating the existence of a crack where it does not exist. In this case an element that is not deteriorated will be substituted but a new one and for the future analysis it will be considered as new. Accounting for this possibility would increase slightly the number of repairs made but the effect on reliability will be small since a component without a significant crack would not be contributing much to the probability of failure. At any rate this effect will not be modeled here.
The inspection quality depends on detecting the crack and quantifying its size. In principle each detection technique will have a limit size of detection (a d,0 ), under which cracks will not be identified ͓19͔:
The inspection quality is characterized by the parameter (a d ) which has values between 0 and ϱ. The smallest limit corresponds to a perfect inspection and when a d ϭϱ, the structure has not been inspected. It should be noted that the real measurements of crack size usually involve a large scatter on the probability of detection, which is reflected in the different mathematical models. This uncertainty affects very much the reliability as shown by Madsen ͓20͔. Rudlin and Wolstenholme ͓21͔ showed also that the choice of inspection method could have a noticeable effect on the probability of detection. Detailed analysis of the problem can be found in ͓22͔.
The structural elements are separated into two groups, including respectively the elements, which were and were not repaired at the time of the previous inspection T j .
The elements that are not predicted are the ones which have cracks smaller than the detectable limit and also some that are not identified by the detection method. The probability of detection given by Eq. ͑16͒ increases with crack size but it is always smaller than one meaning that these is a probability of existing cracks not being detected.
The reliability R l, jϩ1 r (t) in the service interval ͓T j ,T jϩ1 ͔ of an element with a crack that is repaired at the time of the last inspection, can be written as follows ͓23͔:
The reliability of the elements from the second group can be described with the approach of Yang and Trapp ͓13͔ and Shinozuka ͓9͔. This method was also applied by Jensen and Persen ͓24͔ for jack-up platforms and by Garbatov and Guedes Soares ͓7͔ for fatigue reliability assessment of ship structure.
Using the third axiom of probability theory, ͑e.g., ͓25͔͒ the probability of non-failure in the time interval ͓T r ,T jϩ1 ͔ can be obtained as:
where C T r ,t is the probability of non-failure in the time interval ͓T r ,t͔, where t͓T j ,T jϩ1 ͔ and C T r ,T j is probability of nonfailure in the time interval ͓T r ,T j ͔. The case C T r ,t includes probability of non-failure C T r ,T j . The probability of non-failure in the time interval ͓T j ,t͔, where t͓T j ,T jϩ1 ͔ is written as C T j ,t .
The expression ͑18͒ may be rewritten as a definition of the conditional probability of non-failure in the service interval ͓T j ,t͔, as follows:
However, since the left hand side of Eq. ͑19͒ is equal to the probability of non-failure in the element that is not repaired at the time of the last inspection T j then:
The Eqs. ͑17͒ and ͑20͒ include all possible cases of the cracked element, including the states of crack initiation, crack propagation, crack detection, and crack repair. At the last state, the element is repaired to its original condition and the crack life starts again.
System Reliability
System reliability is qualified under the assumption that all members are considered to have a potential crack are checked by a visual inspection method. If crack damage is found in an element, then a perfect one will replace it. The progressive fatigue failure of the structural system is considered. If n denotes the number of elements that have a repair at time T j , and M is the total number of elements, then the reliability of the structure is expressed as:
where t͓T j ,T jϩ1 ͔ and no correlation is considered.
The assumption of no correlation is obviously a simplification that is not realistic. Correlation between the elements exist because they are subjected to the same loading, and other operational constraints and also they were subjected to the same manufacturing process. The influence of correlation between elements was studied by Guedes Soares and Garbatov ͓7͔ on a similar problem of degradation due to corrosion. It was found that the numerical prediction of reliability was different when accounting for correlation, but this would not affect the decision about inspection planning. The method presented in that reference could obviously be used here although with increased computational effort, and thus for simplicity, it was decided not to do it.
The approach presented may be used as a decision tool for different reliability based maintenance policies ͓7͔. One is if the interval between inspections is known to be ⌬t jϩ1 ϭ⌬t 0 and the detection limit of the method of inspection is a d, jϩ1 ϭa d , for j ͓0,n͔ and n is total number of inspections. Then the reliability can be calculated ͑see Fig. 1͒ :
The second case is when there is a minimum acceptable value of the reliability level R min and the detectable crack size a d, jϩ1 ϭa d , for j͓0,n͔, is fixed. Then the time interval between each inspection ⌬t jϩ1 can be calculated:
where ⌬t jϩ1 ͓⌬t min ,⌬t max ͔.
The third possible application is fixing the time interval between inspections, ⌬t jϩ1 ϭ⌬t 0 and the minimum level of the reliability R min , the calculated limit for the detectable crack size is:
This implies the choice of the method of inspection that is able to accomplish it.
Bayesian Updating of Reliability
During the lifetime of a steel structure, periodic non-destructive inspections are essential for fatigue damage assessment and for
Fig. 1 Reliability for various intervals between inspections
maintenance and reliability planning. The inspections provide information on fatigue crack growth. The non-destructive inspection has uncertainties in itself, which refers to the fact that there is always a crack size for a given non-destructive technique below which a crack cannot be detected. A crack measured may also not represent the actual crack size due to a measurement error.
Three types of results of an inspection are considered here as the structural component is found to have failed, a crack is detected or a crack is not detected.
In the present study, three parameters are considered as possible sources of the uncertainty. The first one ␤ describes the uncertainty related to the time to crack initiation, which is approximated here, as a Weibull distribution, where ␤ is a scale factor ͑see Eq. ͑5͒͒. The choice of this factor has an impact to the complete fatigue life of structural component, which is equal to the sum of the time to crack initiation with the time to crack propagation up to the critical crack size.
The second uncertain parameter a d describes the inspection quality and it can vary depending on the method of detection and location of the inspected structural component. The probability of crack detection is described by an exponential distribution, where the parameter a d is a mean value ͑see Eq. ͑16͒͒.
The material uncertainties on the crack propagation phase can be described by the parameters C and m. Due to the fact that they are correlated, only C is modeled here.
It has to be pointed out that the three uncertain parameters do not cover all uncertainties existing in the model, but they were considered for the example presented here and others can easily be added.
In general, the choice of variables to be updated on the basis of observations should be made choosing the ones that have larger uncertainties and larger potential for this uncertainty to be reduced with the results of observations. Since this paper addresses primarily aspect of methodology, it is not claimed that in all situations three variables chosen are the most relevant ones.
At the beginning of the fatigue life of the entire structure, the joint probability density function of those parameter are taken as a uniform probability density function f 0 (␤,a d ,C):
and the included parameters are determined roughly from physical arguments. It is considered that the initial crack size is equal to a 0 and the crack size a(t) is increased as a function of time. Using the Bayesian approach after the j th inspection the posterior joint probability density function f j (␤,a d ,C) of uncertain parameters can be improved. The likelihood function of the structural component m at the inspection j is given as:
where P j,m ϭ P͓a j,m ϭa m (T j )͉␤,a d ,C͔ is a function of time, but only the value that is calculated at time of inspection tϭT j is accounted for. When a m (T j )уa d at the inspection j then the component m is repaired and a m (T j ) becomes a 0 and a new fatigue life of the repaired component starts. At the repair k, P k,m becomes equal to P j,m ϭ P͓a m (T j )͔ and P j,m is set equal to P j,m ͓a 0 ͔ at the beginning of the following period. After passing the time to crack initiation P j,m becomes to be again as a function of a m (t). The criteria adopted are that there will be repair for cracks larger than a d and there will be failure for cracks larger than a cr . Therefore the probabilities P j,m can be used to calculate the probability of no detection, of detection and of failure.
The likelihood function L j for the entire system of structural components is then given as:
After each inspection, the posterior probability density function is calculated as:
With this posterior model and a parameter probability density function, the reliability can be directly updated as:
Every time an inspection is performed, the reliability is updated and the corresponding decision can be about the planning of future inspections of the structure. 
Numerical Example
The formulation presented in this paper is applied to the determination of the fatigue life of the structure of a tanker typefloating platform. The structural details that are subjected to the reliability analysis are located on the side shell of ship and have coordinates xϭ0 m, yϭ28 m, z͓0,32͔ m.
The potential cracks are considered on the intersections of the longitudinal stiffener with the transverse frames and bulkheads. The material constants are taken as C͓1.68•10 Ϫ11 ,1.7•10 Ϫ11 ͔ and mϭ3. The initial crack size is a 0 ϭ2 mm and the geometry parameter is Y ϭ1.12 that implies same manufacturing condition for all elements. The variation of the crack propagation with respect to the material parameters is given in Fig. 2 .
The parameters of the Weibull distribution of time to crack initiation are taken as ␣ϭ2,␤͓5,30͔. The variation of the probability of time to crack initiation with respect to above parameters is shown in Fig. 3 .
The reliability assessment considers that during the time for inspection all elements are observed. If the crack is detected in the element then it is perfectly repaired. The basic results are produced by a d ͓0.001,0.4͔ m, ⌬t 0 ϭ4 years. The variation of the probability of crack detection is presented in Fig. 4 .
This example addresses the cracks in the side shell and thus all weldments of longitudinal members to the side shell are considered potential crack initiations and thus are locations to be inspected in an important practical problem and often the strategy adopted is not to inspect all possible locations but only the subset that is considered more prone to cracks. This can be in itself a topic of research, as one needs to balance the cost of inspection with its usefulness. This work does not address this problem, which however, is treated by Garbatov and Guedes Soares ͓26͔. Figure 5 presents the results from the calculation of reliability and updated reliability of one component. It is seen that updated reliability decreases with time but a lower rate than the reliability without updating. In fact the updated reliability is always higher than the value without updating, reflecting the reduced uncertainty of using more information about the degradation process.
The posterior density functions of the parameter ␤, C, and a d are shown in Figs. 6, 7, and 8. They are a function of the number of inspections and they were calculated in the entire structure. The The estimation of the mean value and standard deviation of the uncertain parameters ␤, C, and a d after the 2nd, 4th, and 6th inspections shows that with increasing number of inspections the mean value of the parameter ␤ decreases from 27.28 at the second inspection 10.53 at the last inspection. At the same time the spreading or standard deviation is also decreased from 3.27 to 2.89. The mean value and the standard deviation of the parameter a d increase with increasing number of inspections ͑the mean value is increased from 0.2 to 0.25 and the standard deviation from 0.02 to 0.03 respectively͒. In contrast to the other two parameters, the mean value of C decreases from 1.68875E-11 to 1.6875E-11 and its standard deviation increases from 1.68877E-12 to 1.77568E-12, respectively. It is clear that the three parameters have different contributions to the reliability estimation. Figure 9 shows the results from the calculation of reliability and the updated system reliability of the entire structure. It has to be pointed out that the accuracy of the presented approach depends very much on the posterior function and a precise analysis needs to be performed. It can be seen from Fig. 9 that the updated reliability is kept on relatively high level with respect to R(t). The difference between the updated and non-updated reliability is much larger in the case of the entire structure than for the single element shown in Fig. 5 . This results from the fact that much more information from all joints is being used to update the system reliability. After four inspections ͑years 16͒ the updated reliability follows R(t) which can be explained with the fact that around that time many components are already repaired and posterior density function is more stable.
Conclusion
A model has been presented which can determine the fatigue reliability of the local structure of floating ship type platform considering the effect of crack propagation in the side shell and of combined loading.
The fatigue reliability is predicted as a time variant reliability, which shows step changes whenever a repair is performed. Different criteria for crack detection and for the effect of repair can be incorporated and various inspection policies easily applied. Different assumptions were made about loading and material properties that are not essential to the method, but are needed for the example.
The methodology presented here is not specific to ship structural components, but this is an example of a model where data of inspection may contribute amounts of information to the likelihood, which serves for better estimation of the integrity of the structures.
The methodology addresses basically degradation due to fatigue crack growth but it is clear that corrosion is another mechanism that needs addressing and also there are other damages produced by normal operation which also need consideration. Transactions of the ASME
